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VECTOR BUNDLES AND PROJECTION TENSORS
SECTION I
INTRODUCTION
Let M be an n -d im en s io n a l  Riemann m anifo ld  w ith  p o s i t i v e  d e f i n i t e  
m e tr ic  te n so r  g ,  and l e t  V r e p r e s e n t  e i t h e r  the  s e t  o f  a l l  tangent  
v e c to r s  o f  M or the  s e t  of a l l  cotangent v e c to r s  o f  M. Each V may 
be g iv en  a v e c to r  bundle s t r u c t u r e  w ith  M as the  base sp a ce ,  a l in e a r  
space  r'^  as  th e  standard f ib r e  and th e  g e n e r a l  l in e a r  group GL(n)
as th e  s t r u c t u r a l  group |^1, p.4o | .  Such a s e t  V o f  tangent  v e c to r s  i s
denoted by T(M) and i s  c a l l e d  the  tan gen t  bundle o f  M. S im i la r ly ,  
such a s e t  . V o f  co tan gen t  v e c to r s  i s  denoted by T (M), and i s  c a l l e d  
the  co tan gen t  bundle o f  M.
S. Sasaki s tu d ie d  th e  l o c a l  d i f f e r e n t i a l  geometry o f  T(M) by 
making i t  in to  a Riemann m anifo ld  w ith  a p o s i t i v e  d e f i n i t e  m e tr ic  and 
r e l a t i n g  geom etric  o b j e c t s  on t h i s  Riemann m anifold  to  o b j e c t s  on the  
b ase  m anifo ld  [^8, s j  . In  t h i s  study he d e f in e d  extended t e n s o r s  as  
t e n so r s  on T(M) which are  ob ta in ed  from te n so r s  on M in  a p a r t ic u la r  
w ay.
S e c t io n  I I  o f  the  p r e sen t  paper i s  a stu dy  o f  d i f f e r e n t i a l  geometry 
of T(M) when i t  i s  g iv e n  a Riemannian s t r u c tu r e  obtained  from the  
extended ten sor  g o f  th e  m etr ic  ten so r  g o f  M. The p a ir  (T(M),g) 
i s  c a l l e d  th e  Extended Riemann M anifold  o f  M. I t  i s  shown t o  be
*
i 'som etric  w ith  a Riemann e x te n s io n  o f  M which i s  d e f in e d  on T (M)
by P a t te r s o n  and Walker ^ llj  .
Miron d e f in e d  in  a Riemann m anifo ld  a concept o f  p a r a l l e l i s m  of  
v e c to r  f i e l d s  r e l a t i v e  to  a M yller  c o n f ig u r a t io n  |^5, ôj . In S e c t io n  I I I  
we d e f in e  a m od if ied  M yller  c o n f ig u r a t io n  in  an a f f in e ly - c o n n e c te d
m anifo ld  A, and g e n e r a l i z e  M iron's concept o f  p a r a l l e l i s m  o f  v e c to r
f i e l d s  r e la t iv e ,  to  t h i s  c o n f ig u r a t io n .  A p a r t ic u la r  c o n f ig u r a t io n  of  
i n t e r e s t  in  the  ta n gen t  bundle i s  then examined. Moreover, we d e f in e  
a c l a s s  o f  h y p e r su r fa c e s  in  th e  co tan gen t bundle o f  M and i n v e s t i g a t e  
r e l a t i o n s h i p s  o f  p a r a l l e l  d isp lacem ent among th e  th ree  spaces  in v o lv e d .
In th e  r e se a r c h  we use  standard methods o f  c l a s s i c a l  d i f f e r e n t i a l  
geometry and p r o j e c t io n  t e n s o r s  a s s o c ia t e d  w ith  two d i s j o i n t  d i s t r i ­
b u t ion s  which span th e  tangent space  o f  a d i f f e r e n t i a b l e  m a n ifo ld .  Our 
study i s  con f in ed  t o  l o c a l  p r o p e r t i e s . When we merely say  on M, we 
mean in  a c o o r d in a te  neighborhood o f  th e  n -m anifo ld  M. A l l  curves
and t e n so r  f i e l d s  are  assumed t o  be o f  c la s s  C*’®, and moreover a l l  
curves a r e  r e g u la r  .
Throughout t h e  paper, when d e a l in g  w ith  v e c to r  b un d les ,  we s h a l l  
adhere t o  t h e  n o t a t i o n  th a t  a sem ico lon  r e p r e s e n ts  c o v a r ia n t  d i f f e r e n t i a t i o n  
r e l a t i v e  to  the  c o n n e c t io n  on th e  base sp ace , a colon denotes  covariant  
d i f f e r e n t i a t i o n  r e l a t i v e  to  th e  con n ection  on th e  bundle sp a c e ,  and a 
comma i n d i c a t e s  p a r t i a l  d i f f e r e n t i a t i o n .
Any r e a l  va lu ed  fu n c t io n  f  on th e  base  space M d i f f e r s  from 
f o / T  or fop  o n ly  in  t h e i r  domains. For convenience  o f  n o t a t io n  we 
s h a l l  d en o te  them sim ply by f . Their domains w i l l  be c le a r  from the  
c o n t e x t .
3E q uations , theorem s, lemmas and c o r o l l a r i e s  are numbered in  
a scen d in g  order i n  each s e c t i o n .  For example, eq u ation  I I . 3 w i l l  r e f e r  
to  eq u ation  (3) in  S e c t io n  I I .  The f i r s t  th r ee  Roman in d ic e s  w i l l  
range from 1 to  2 n - l ,  th e  rem aining Roman in d ic e s  from 1 to  n ,  and Greek 
in d ic e s  from 1 to  2n. Repeated in d i c e s  w i l l  as u su a l  i n d ic a t e  sum­
m ation.
SECTION I I  
EXTENDED RIEMANN MANIFOLD
1. Extended m e tr ic  and curvatu re  t e n s o r . Let TC denote  the  p ro­
j e c t i o n  o f  T(M) onto M, and (U,x^) a c o o r d in a te  neighborhood U of  
M w ith  c o o r d in a te  fu n c t io n s  x ^ . Let (p , ^ )  be a tangent v e c to r  at  
p é U  w ith  components r e l a t i v e  t o  the  induced frame ^ 3 /  ) x ^ j  .
Then = d x ^ ( ^ )  = ^ ( x ^ ) ,  and 7T*~^(U) i s  a c oord in a te  neighborhood
o f  T(M) w ith  c o o r d in a te  fu n c t io n s  (x  , d e f in e d  by
X  ^ = X^oTT,
| h ( p , £ ) )  -  I " ' .
Let (u ' ,x ^ ^ )  be a second neighborhood o f  M such th a t  
U h u '  # 0, and l e t  ^  have components ^   ^ r e l a t i v e  to  
Then (U)A 7T ^(U^) f  0 ,  and to  th e  c o o r d in a te  tran sform ation
(1) x '^  = f '^ ( x ^ ,x ^ ,  . . .  ,x ^ ) ,
on UAU^, th e r e  corresponds th e  tran sform ation
(2) x''^ = f '^ ( x ^ ,x ^ ,  . . .  ,x ^ ) ,  = (" 3 x ^ ^ /3 x ^ )
on TT ^(\])f]TT  (U^) . The tra n sfo rm a tio n  (2) i s  s a id  to  be the  extended
tran sform ation  o f  ( 1 ) ,  and JT (U) i s  c a l l e d  an extended co o r d in a te  
neighborhood o f  U.
For s i m p l i c i t y  o f  n o t a t io n  we s h a l l  u se  x^ to  denote e i t h e r  x^ 
or . This should  n o t  cau se  c o n fu s io n  s in c e  t h e i r  r e s p e c t iv e  domains 
w i l l  be c le a r  from th e  c o n t e x t .  In order to  fu r th e r  s im p l i f y  n o t a t i o n ,  l e t
4
and , so th a t  th e  extended tran sform ation  (2) may be
w r i t t e n  as
(3) z'®*' = f^*(z^,z^% . . .  , z^'").
The Jacoblan o f  the  extended tran sform ation  i s  g iv en  by
[O l [ ' ^ z ' ' z - ^ 1
which may be used to  d e f in e  te n so r  f i e l d s  on T(M).
We s h a l l  denote  by (ft  ^(U) , zf )^ the  extended coord in ate  neighborhood  
o f  U with  c o o r d in a te  f u n c t io n s  z^.
Let A be a c o n tr a v a r ia n t  (or  c o v a r ia n t )  v e c to r  f i e l d  on M and l e t
(or be i t s  components w ith  r e s p e c t  to  Then i t  i s
r e a d i ly  v e r i f i e d  by u se  o f  (4) th a t
= a‘ .
and
= ("^Aj^/3 z ^  = A^,
d e f in e  r e s p e c t i v e l y  a c o n tr a v a r ia n t  v e c to r  f i e l d  and a covariant  v e c to r  
f i e l d  on T(M) w ith  r e s p e c t  to  A z°^j. The v e c to r  f i e l d  A on T(M)
thus d er ived  from a c o n tr a v a r ia n t  (or  c o v a r ia n t)  v e c to r  f i e l d  A on M
i s  c a l l e d  an extended v e c to r  f i e l d  or an e x te n s io n  o f  A [  ® ] '
In  the same way, i f  (or  Aj or  A^j) are components o f  a
co n tra v a r ia n t  (or mixed or c o v a r ia n t )  te n so r  f i e l d  on M w ith  r e sp e c t  to  
then  (or  or  Xrfi)) d e f in e d  by
Â"j = 0 , “+3 = j = = (X x‘L X z ' ‘ )n”+''.
5  ‘  4 '  - < ' a x ; ^ z ' 5 z ' ' + \  A j ,
X. . .  j = \ + i  „+j = 0 ,
6are components o f  a con tra v a r ia n t  (or mixed or c o v a r ia n t )  te n so r  f i e l d  
on T(M) w ith  r e s p e c t  to  The te n so r  f i e l d  X on T(M) i s
c a l l e d  an e x te n s io n  o f  the  c o n tr a v a r ia n t  (or mixed or c o v a r ia n t )  te n so r  
f i e l d  X  on M.
Let . be components o f  th e  m e tr ic  te n so r  g on M with r e sp e c t
to  Then the e x te n s io n  o f  g g iven  by
k  n+j = 8n+i j  = S i j ,
®n+i n+j
d e f in e s  an extended m e tr ic  ten sor  g on the  c o o rd in a te  neighborhood  
(7T” ^(U ), z®*) o f  T(M). The tangent  bundle w ith  t h i s  m e tr ic  i s  denoted by 
(T (M ),g ) ,  and i s  c a l l e d  th e  Extended Riemann M anifo ld  o f  M.
The element o f  arc on T(M) w ith  r e sp e c t  t o  g i s
(6 ) d(T^  = (" b g^ ^ /'àz^jz'^’*'^  dz^ dz^ + 2g^^ dz^ dz"^ ^^  ,
from which we n o te  th a t  g i s  not p o s i t i v e  d e f i n i t e .
The c o n tra v a r ia n t  components o f  g are ob ta in ed  by s o lv in g  
g^^ êfc/i, = for  , where (T<) denotes  the Kronecker d e l t a .  These
components are found to  be
g = 0 ,
„ i  j i i
(7 )  g = g = g ,
We denote by L^^ th e  c o e f f i c i e n t s  o f  the co n n ec t io n  L induced by 
g on a c o o rd in a te  neighborhood o f  II. Then the c o e f f i c i e n t s  F"^ f  o f  the  
con n e c t io n  F  induced by g on th e  extended c o o rd in a te  neighborhood o f  
T(M) are g iven  by
7n i  _ n n + i  _ 1
' jk  “ ' n+j k -  ^ jk'
(8) r “"  -C 'à L y ' î> z '> lz " -P .
n«^ ^  n  i  _  Q
n+j n+k n+j k
n  i s  c a l l e d  th e  e x te n s io n  o f  L to  T(M). I t  i s  c l e a r  from (8) th a t
I 0 i f  and o n ly  i f  L.j^ = 0.jk
I f  we r e p la c e  th e  base  m an ifo ld  M by an a f f in e ly - c o n n e c t e d
d i f f e r e n t i a b l e  m an ifo ld  A w ith  an a r b i tr a r y  c on n ec t ion  b t . , then we canJk
d e f in e  an a f f i n e  co n n ec t io n  on the tangent  bundle T(A) o f  A by eq u a t io n s
( 8 ) .  Many o f  th e  r e s u l t s  o b ta in ed  in  t h i s  s e c t i o n  which depend o n ly  on the  
c o n n e c t io n  o f  T(M) w i l l  s t i l l  hold  on T (A ).
Let d enote  components o f  the  curvatu re  t e n s o r  f i e l d  R o f  M.
The ten so r  f i e l d  R w ith  components d e f in e d  by
%  -  -  r ^ s r ^ .
in  a c o o r d in a te  neighborhood o f  T(M) i s  c a l l e d  th e  e x te n s io n  o f  R to
T(M). A f te r  some t e d io u s  c a l c u l a t i o n s  we f in d  th a t  
_ i  _n+i n+i n+ i
* j k l  " \ + j  k l  " ^j n+k 1 " ^jk n+1 " * j k l '
n+ i . .
(9) Bjki =(^Rj^i/%zP)z^ P.
( a l l  o th e r  components) = 0,
and
\ j k l
^ i  n+j k l  " ^ i j  n+k 1 “ ^ i jk  n+1 “ \ + i  j k l  “ * i j k l '
( a l l  o th e r  components) = 0, 
which are  components o f  th e  c o v a r ia n t  curvature  t e n s o r  f i e l d  o f  (T(M),g)
8d e f in e d  by = g^g. . I t  i s  c le a r  th a t  R = 0 i f  and on ly  i f
R = 0 .
The components o f  th e  R i c c i  te n so r  f i e l d  o f  (T (M ),g ) ,  d e f in e d  by 
Ro(  ^ = R^^é , may be e x p r e sse d  in  terms o f  th e  R i c c i  te n so r  f i e l d  o f  M 
by
^n+i j ^ i  n+j ~ ^n+i n+j ~ ^ '
Hence, th e  R ic c i  te n so r  f i e l d  o f  (T(M),g) v a n is h e s  i f  and o n ly  i f  the
R i c c i  t e n s o r  f i e l d  o f  M v a n i s h e s .
The s c a la r  curvatu re  o f  (T (M ),g ) ,  g iv en  by Re((j , i s  found to
v a n is h  i d e n t i c a l l y *  Thus, (T(M ),g) i s  a Riemann m an ifo ld  o f  zero  s c a la r
c u r v a tu r e .
We now o b ta in  n e c e s s a r y  and s u f f i c i e n t  c o n d i t io n s  for  th e  Extended 
Riemann M anifo ld  o f  M to  be a Riemann m an ifo ld  o f  con stan t  cu rvatu re .
Theorem 1 .  The Extended Riemann M anifo ld  o f  M i s  o f  co n sta n t  curvature  
i f  and o n ly  i f  i t  i s  f l a t ,  and t h i s  i s  th e  case  i f  and on ly  i f  M i s  f l a t .
P r o o f ; N ecessary  and s u f f i c i e n t  c o n d i t io n s  for  (T(M ),g) to  be a m anifo ld
o f  c o n s ta n t  curvatu re  K are g iv e n  by
(11) = K (g<* - g^ g)f)-
By u se  o f  (5) and (10) t h e s e  eq u at ion s  are found to  hold  i f  and o n ly  i f  
K g ^ 2  “ 0 ,  and con se q u e n t ly  i f  and on ly  i f  (T(M),g) i s  f l a t .  I t
i s  c le a r  from (10) th a t  (T(M ),g) i s  f l a t  i f  and on ly  i f  M i s  f l a t .  Q.E.D.
A Riemann m anifo ld  i s  c a l l e d  a symmetric m anifo ld  i f  the  covar ian t  
d e r i v a t i v e  o f  i t s  cu rvatu re  te n so r  f i e l d  i s  z e r o .
The o n ly  components o f  Rdif^j^îè which may be d i f f e r e n t  from zero  are
found to  be
^ijklsrH-m rri-j k l:m  ^xj nfk l:m . i  jk l;m  ^ ijk l;m ,
i j k  n f l:m  ^ i jk l ;m .
h. tri-h
I t  i s  c le a r  from equation s  (12) th a t  = 0 i f  and o n ly  i f
R . . .  - = 0 .  Hence, we haveijk l;m
Theorem 2,  The Extended Riemann M anifo ld  o f  M i s  a symmetric m anifold  
i f  and on ly  i f  M i s  a symmetric m a n ifo ld .
C oro llary  I .  If. M has c o n s ta n t  curvatu re  then i t s  Extended Riemann - 
M anifo ld  i s  a symmetric m a n ifo ld .
The above c o r o l la r y  f o l lo w s  from the f a c t  th at  every  m an ifo ld  o f  
c o n sta n t  curvatu re  i s  a l s o  a symmetric m a n ifo ld .
The m anifo ld  (T(M),g) i s  an E in s t e in  m anifo ld  i f  i t s  R ic c i  ten so r  
f i e l d  s a t i s f i e s  R<^  ^ = cg&^ fo r  some con stan t  c .  From e q u a t io n s  (5) 
and the  r e p r e s e n ta t io n  above fo r  R^ p^  t h i s  i s  found to  be th e  case  i f  
and on ly  i f  c = 0 ,  and co n se q u e n t ly  i f  and on ly  i f  th e  R ic c i  ten so r  o f  
M i s  a n u l l  t e n s o r .
A Riemann m anifo ld  i s  c a l l e d  a recu rren t  m anifo ld  i f  i t  i s  not a 
symmetric m a n ifo ld ,  and the  c o v a r ia n t  d e r iv a t i v e  o f  i t s  c o v a r ia n t  
curvature  ten so r  i s  a product o f  th e  curvature  te n so r  and a c o v a r ia n t  
v e c to r  at every  p o in t .
Theorem _3. The Extended Riemann M ànifold  o f  M can not be a recurrent  
m a n ifo ld .
10
P r o o f; Assume th a t  (T(M ),g) i s  a recurrent m a n ifo ld .  Then
(13) = Rd>(j5^  A& , Ag = ( ^ 0 ,
which by (10) and (12) reduce to
° " ^ i j k l  ^n+m—  -
\ j k l . ; m  " ^n+m’
^ ijk l;m  ^ i j k l  ^m’
The f i r s t  o f  t h e s e  e q u a t io n s  im plies , th a t  a t  any p o in t  o f  T(M) e i t h e r
R . . . 1 = 0 or A , = 0 ,  but in  e i t h e r  event the  second and th ir di j k l  nfm
equation s  imply th a t  ~ ® and the fo u r th  eq u at ion  i s  i d e n t i c a l l y
s a t i s f i e d .  C onsequently , (T(M ),g) i s  a symmetric m anifo ld  by Theorem 2.
Q.E.D.
2. H o r iz o n ta l  and v e r t i c a l  d i s t r i b u t i o n s . The v e r t i c a l  d i s t r i b u t i o n  
'iT o f  T(M) i s  the  n -d im en sion a l  d i s t r i b u t io n  spanned by the  v e c to r  
f i e l d s  w ith  components (0 ,  » k = 1 ,2 ,  . . .  ,n ,  r e l a t i v e  to
The h o r iz o n ta l  d i s t r i b u t i o n  ^  o f  T(M) i s  the  n -d im en sion a l  
d i s t r i b u t i o n  spanned by the  v e c to r  f i e l d s  w ith  components  
( z"^^), k = 1 ,2 ,  . . .  ,n ,  r e l a t i v e  to  ^ 3  / à  .
To every  v e c t o r  f i e l d  X on the  coord in ate  neighborhood (U ,z^) o f  
M there  corresponds on T f  ^(U), a unique v e c to r  f i e l d  X ^  d e f in ed
by
7 T * ( A ( p ) )  = X ( 7 T ( p ) ) ,  f o r  a l l  p e  7T ^ (u ) ,
where TT d en otes  the  p r o j e c t io n  map from T(M) onto  M and Tt^  i s  
i t s  d i f f e r e n t i a l .  We c a l l  A «the h o r iz o n ta l  l i f t  o f  A whose components 
w ith  r e sp e c t  to  are  g iv e n  by
(14) I f .  ( .
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Let- ^ a ,b j  be an in te r v a l  o f  R and ^ : j^ a ,b j—>M a curve in  M.
A h or izon ta l  l i f t  o f  <T i s  a curve 3  ^ : j^a.bj—> T(M) in T(M) such that  
i t s  tangent vector  Iv belongs to  and TT(9^(t))  = CT(t), 
t e ^ a , b j .  An a rb itra ry  curve in  T(M) i s  sa id  to  be a horizonta l curve 
i f  i t  i s  an in te g r a l  curve o f  an element o f  0^4 , and a v e r t i c a l  curve i f
i t  i s  an in te g r a l  curve o f  an element o f  .
The tangent p lane to T(M) at a p o in t  i s  a d ir e c t  sum of 0^ and
at t h i s  p o in t .  Thus, i f  A i s  any v ec to r  f i e l d  on T(M) then
A  = A + A , where 94 and A è ^ / ” . We d e f in e  tensor f i e l d s
a and a on T(M) by a ( A )  -  ) (  and a ( A )  = . These tensor f i e l d s
s a t i s f y
aca = a^ = a ,  aoa = a^ = a ,  a°a  = aa = 0 , aoa = âa = 0, a + â  -  I ,  
where 0 d e n o te s  t h e  n u l l  map and I  the  i d e n t i t y  map. The t e n s o r s  
a and a are  c a l l e d  p r o j e c t io n  t e n s o r s  a s s o c i a t e d  w ith  the  d i s j o i n t  
d i s t r i b u t i o n s  9 4  and .
L et d e n o te  th e  2nx2n m a tr ix
[ ] =
[ 0 ] [ &j]
n f l
and denote the in v er se  o f  [ A^ ] by [ A ^ ] ,  so that
I =
In e r f ^ (U ),2#^) the components o f  the tensor f i e l d s  a and
1 0 1 i S ' i
are g iv en  by a^ 4  .k J -rt N** .1= Ay. Mn and a .  = n+i<5 ' '“n+i , which may be w r it ten  as
(15)
and
(16)
[a%] =
[ =
12
[ S \ ]
J
[ 0 ] [ 0 ]
1 0 ]  [L^, jk
[ 0 ] [ ,$ ] ]
A d i s t r i b u t i o n  on a Riemann m anifold  i s  sa id  to  be a n u l l  d i s t r i b u t io n  
i f  every v e c to r  f i e l d  in  th e ^ d is t r i b u t ion  i s  s e l f - o r t h o g o n a l ,  and any two 
v e c to r  f i e l d s  in  the  d i s t r i b u t i o n  are orth ogona l w ith  r e sp e c t  to  the  
Riemann m e tr ic .  I t  i s  proved th a t  the dim ension o f  a n u l l  d i s t r i b u t i o n  
cannot exceed  %r i f  r i s  the  dimension o f  th e  Riemann space on which
th e  d i s t r i b u t i o n  i s  d e f in e d  ^12, p . 2 4 l j .  I t  f o l lo w s  d i r e c t l y  from
e q u a t io n s  (5) th a t  \ f  i s  a n u l l  d i s t r i b u t i o n ,  and 04 i s  shown to  be a 
n u l l  d i s t r i b u t i o n  by u s e  o f  (5) and the i d e n t i t y
= gjjjj 4- g^^ j^2, p . 17 . C on sequ en tly , 0^ and "V
are n u l l  d i s t r i b u t i o n s  o f  maximum dim ensions on (T (M ),g ) .
An r -d im e n s io n a l  d i s t r i b u t i o n  i s  p a r a l l e l  w ith  r e s p e c t  to  a 
con n ec tion  over a c o o r d in a te  neighborhood I f  an a r b i tr a r y  v e c to r  in  the  
d i s t r i b u t i o n  at a p o in t  p i s  d i s p la c e d  in t o  a v e c to r  in  the  d i s t r i b u t i o n  
at q by p a r a l l e l  tr a n sp o r t  a lon g  any curve CT in  M j o in in g  p to  
q. For a f ix e d  v e c t o r  at p the  f i n a l  v e c to r  at q may vary w ith  the  
ch o ice  o f  the  curve j o in i n g  p t o  q. However, i f  th e  v e c to r  at q i s
independent o f  th e  c h o ic e  o f  c u r v e e r ,  and i f  t h i s  i s  the  ca se  fo r  every
v e c to r  a t  p and for  every  p a ir  o f  p o in ts  p ,q ,  then  the  d i s t r i b u t i o n  
i s  sa id  to  be s t r i c t l y  p a r a l l e l .
An r -d im en s io n a l  d i s t r i b u t i o n  o f  a d i f f e r e n t i a b l e  m anifo ld  i s  sa id  
to  be in t e g r a b le  i f  i t  i s  tangent to  an r -d im en sion a l  submanifold o f  the
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s p e c i f i e d  m a n ifo ld .  A n e c e ssa r y  and s u f f i c i e n t  c o n d it io n  fo r  the  
d i s t r i b u t i o n  to  be in t e g r a b le  i s  that any two v e c to r  f i e l d s  A ,
o f  the  d i s t r i b u t i o n  im p l ie s  th a t  the v e c to r  f i e l d  A , 
to  the  d i s t r i b u t i o n ,  where
belongs
denotes  the  L ie  bracket o f  the  
two v e c to r  f i e l d s  d e f in e d  by
[ X , x ]  " .  x ' ' W / ' J A  -
r e l a t i v e  to  th e  frame induced by the co o r d in a te  system .
N ecessary  and s u f f i c i e n t  c o n d it io n s  for  i n t e g r a b i l i t y  and
p a r a l l e l i s m  o f  d i s t r i b u t i o n s  in  terms o f  the. p r o j e c t io n  t e n so r s  of.
the  d i s t r i b u t i o n s  are  g iv en  by the  fo l lo w in g  lemmas, whose p roofs  may 
be found in  ^12, p . 2 5 4 j .
Lemma 1.  Let and be two d i s j o i n t  d i s t r i b u t i o n s  which span
the tangent space to  a d i f f e r e n t i a b l e  m an ifo ld  at every  p o in t  o f  a 
c oord in a te  neighborhood. Let a and a be the  p r o j e c t io n  ten so r s  
a s s o c ia t e d  r e s p e c t i v e l y  w ith  and H^. A n ecessa ry  and s u f f i c i e n t
c o n d it io n  fo r  t o  be in te g r a b le  i s
“5 4  ■ 4  4 ’
and a n e c e ssa r y  and s u f f i c i e n t  c o n d it io n  fo r  Hg to  be in te g r a b le  i s
(IS) a *  J '4  -  4
where the co lo n  d en otes  co v a r ia n t  d i f f e r e n t i a t i o n  with  r e s p e c t  to  any 
symmetric con n e c t io n  d ef in ed  on the c oord in a te  neighborhood.
Lemma 2. L et , Hg, a and a be d e f in e d  as in  Lemma 1. Let 
w ith c o e f f i c i e n t s  I /jjf be an a r b itr a r y  con n ection  d e f in e d  on the  
c o o rd in a te  neighborhood. i s  a p a r a l l e l  d i s t r i b u t i o n  w ith  r esp ec t
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to  r  i f  and o n ly  i f
(19) 4  = 0 .
and rHg i s  a p a r a l l e l  d i s t r i b u t i o n  w ith  r e s p e c t t o  ' i f  and o n ly  i f
(20 )  a f ; ,  = 0 ,
r-i
where the  co lon  d e n o te s  c o v a r ia n t  d i f f e r e n t i a t i o n  w ith  r e sp ec t  t o  I .
From t h e s e  two lemmas i t  i s  c l e a r  th a t  i f  a d i s t r i b u t i o n  i s  
p a r a l l e l  w ith  r e s p e c t  to  a symmetric co n n ec t io n  then i t  i s  an in te g r a b le  
d i s t r i b u t i o n .
By u se  o f  e q u a t io n s  (8) and (15) th e  t e n s o r  f i e l d  a"^^ on
(T(M),g) i s  found to  have components g iv en  by
n+i _ i  n+p 
»j:k = Kjkp '  ■
( 21)
° n + j : f ^  ° j : n + k
I t  i s  c l e a r  from e q u a t io n s  (21) th a t  a ^ ^  = 0 when R ,^ = 0 ,  and
0:6 jkp
s in c e  th e  are  c o o r d in a te  fu n c t io n s  th e  con verse  a l s o  h o ld s .  More­
over , from the r e l a t i o n  a+a = I  we o b ta in  the
p r o j e c t io n  t e n so r  f i e l d s  a and a a s s o c ia t e d  w ith  % and i f  are
covar ian t  co n sta n t  i f  and only  i f  R . = 0 .i jk p
Theorem 4 .  The h o r iz o n t a l  d i s t r i b u t i o n  ‘04 on (T(M),g) i s  in te g r a b le  
i f  and on ly  i f  i t  i s  a p a r a l l e l  d i s t r i b u t i o n ,  and t h i s  i s  th e  c a se  i f  and 
on ly  i f  M i s  f l a t .
P r o o f : I d e n t i f y  ^  and ®lT r e s p e c t iv e l y  w ith  and o f  the  pre­
ceding lemmas. We s h a l l  f i r s t  show th a t  0^4 i s  in t e g r a b le  i f  and only  i f  
Rj^^ = 0 .  I f  Rj^^ = 0 then  a i s  c o v a r ia n t  co n sta n t  and i t  f o l i c , s  
from Lemma 1 t h a t  i s  i n t e g r a b l e .  Assume i s  in te g r a b le  then the
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c o n d i t io n s  (17) y i e ld  -  R^j^) = 0 ,  which im p lie s
R ,^ = R. .^ s in c e  are c o o r d in a te  f u n c t io n s ,  and con seq u en t ly
jkp \ j p
Rt, = -R^ . = ~r\  . = R^., = , = -Rt. .jkp Tcpj pkj p jk  jpk jkp
So we have R^ , = 0 .
J k p
I f  R^^  ^ = 0  i t  i s  c l e a r  th a t  %1 i s  a p a r a l l e l  d i s t r i b u t i o n  by 
u s e  o f  " 0 and Lemma 2 . Assume i s  a p a r a l l e l  d i s t r i b u t i o n  on
T(M ). Then c o n d it io n s  (19)  y i e l d  R^^^ z"^^ = 0 fo r  a r b i tr a r y  z"^^. 
Hence R ,^ = 0 .  Q.E.D,
J k p
Theorem 5. The v e r t i c a l  d i s t r i b u t i o n  ^  on (T(M),g) i s  a p a r a l l e l  
d i s t r i b u t i o n ,  and i s  in t e g r a b l e .
P r o o f : I d e n t i f y  and ^  r e s p e c t i v e l y  w ith  and H^  o f  the  p r e ­
ced in g  lemmas. The t e n s o r  -  ^
= *k:% *9^ '^
v a n is h e s  on (T(M),g) s in c e  a^ = = 0 ,  Hence, eq u a t io n s  (20) are
s a t i s f i e d .  From Lemma 2 i t  f o l l o w s  th a t  “H / i s  a p a r a l l e l  d i s t r i b u t i o n  
on (T (M ),g ) ,  Since H* i s  a symmetric co n n ec t io n  i t  then f o l lo w s  th a t  
^  i s  in t e g r a b le ,  Q.E.D.
I t  i s  noted that i s  not n e c e s s a r i l y  s t r i c t l y  p a r a l l e l ,  however.
N ecessary  and s u f f i c i e n t  c o n d i t io n s  for  to  be a s t r i c t l y  p a r a l l e l
d i s t r i b u t i o n  on (T(M),g) are t h a t   ^ c)/ ^ z"^^} be p a r a l l e l  v e c to r
f i e l d s .  T his  would be the  case  i f  and o n ly  i f  A:/j = 0 ,  for
m = l ,2 ,  . . .  ,n ,  where )^= (0 ,  6 ^ ) .  S in c e  th e  on ly  component o f
m m
which i s  not z e ro  i s  , we o b ta in  th a t  ®\T i s  am /  m jm
s t r i c t l y  p a r a l l e l  d i s t r i b u t i o n  on (T(M),g) i f  and o n ly  i f  L^^ = 0 ,
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3. V ector  f i e l d s . Let X and / \  be tangent v e c to r s  on M with  
components and r e l a t i v e  to  ^ 3 / 3  . The extended v e c to r
f i e l d  X o f  X has components X*^ = ( r e l a t i v e  to
^ 3 / 3 .  C onsequently , we o b ta in
= O g .  g i j ( 3 X ^ / 3 z ^ z  , g . . x ^ ) ,
IJ
= 3  z^)z"^^, X j J ,
which i s  th e  e x te n s io n  o f  X^ = X'  ^• S im i la r ly ,  we o b ta in
g^^X^ = ( X^,( 3  X^ /  ^ as th e  extension  o f  X^ = g^^ A  ^  •
The e x te n s io n  ^X »A j o f  the  L ie  bracket |^X)M. o f  th e  v e c to r
f i e l d s  X and / \  has  components
j^X,Aj = ( [ x , A |  ,
which reduces to
[ x . Â ] ' ^  = ^  é  -  ,
on u s in g  the  d e f i n i t i o n  o f  an extended v e c to r  f i e l d .
These o b s e r v a t io n s  prove th e  fo l lo w in g  theorem.
Theorem The o p e r a t io n  o f  r a i s i n g  or lowering in d i c e s  o f  a v e c to r
f i e l d  or o f  forming th e  L ie  bracket o f  two vector f i e l d s  i s  commutative
w ith  the o p e r a t io n  o f  ex ten d in g  th e  v e c to r  f i e l d s .
I t  fo l lo w s  from the  above theorem th a t  in te g r a b le  d i s t r i b u t i o n s  on 
M extend to  i n t e g r a b l e  d i s t r i b u t i o n s  on (T(M ),g).
Let X be a c o n tr a v a r ia n t  v e c to r  f i e l d  on M w ith  components X^ 
r e l a t i v e  to  / 3  . X i s  c a l l e d  a p a r a l le l  v e c to r  f i e l d  i f  i t  i s
co v a r ia n t  c o n s ta n t ,  th a t  i s ,  i f  X \ j  = 0 ^12, p .2 3 9 j .  Such a f i e l d
has the property  th a t  the  whole f i e l d  on (U,z^) can be gen era ted  by
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p a r a l l e l  t r a n s p o r t ,  independent o f  c u rves ,  o f  a v e c t o r  o f  the  f i e l d  at 
an a r b i tr a r y  p o in t  in  U. A s t r i c t l y  p a r a l l e l  d i s t r i b u t i o n  on M of  
dim ension r i s  spanned by r p a r a l l e l  v e c to r  f i e l d s .
P a r a l l e l  v e c to r  f i e l d s  on (T(M),g) can s im i la r ly  be d e f in e d ,  and 
the fo l lo w in g  lemma g i v e s  n ecessa ry  and s u f f i c i e n t  c o n d i t io n s  for an 
a r b itr a r y  v e c to r  f i e l d  d e f in e d  on (jT  ^(U), to  be a p a r a l l e l
v e c to r  f i e l d .
Lemma 3. Let X be an a r b itr a r y  v e c to r  f i e l d  on (T(M ),g) with com­
ponents = ( 'X ,^ r e l a t i v e  to  Then X i s  a
p a r a l l e l  v e c to r  f i e l d  i f  and on ly  i f  i t  s a t i s f i e s  th e  fo l lo w in g  
c o n d i t io n s :
( i )  X  ^ i s  independent o f  z"^^, . . .  ,z^" \ and s a t i s f i e s
3 X ^ /  = -Lj^ X^ ;
( i i )  s a t i s f i e s
^ X ^ V X z j  = - ( X L ' ^ / 3 z h  X  ^ .  ^ i  ^n+k^
JiC J K
and
.  -1^ a ''.
jk
P r o o f : By u se  o f  ( 8 ) ,  X*^  may be w r it te n  as
•I) —
a '',
( 22)
Let = 0 .  Then th e  f i r s t  two equation s  o f  (22) are e q u iv a le n t  to
the  c o n d i t io n s  ( i ) , and the l a s t  two eq u ation s  are e q u iv a le n t  to the
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c o n d i t io n s  ( i l ) .  C o n v erse ly ,  i t  f o l l o w s  from (22) t h a t  = 0 holds
for  any v e c to r  f i e l d  X  on (T(M),g) which s a t i s f i e s  c o n d i t io n s  ( i )  and
( i i )  o f  the  lemma. Q.E.D.
I t  i s  e a s i l y  v e r i f i e d  by use o f  equations (4 )  and c o n d i t io n s  ( i )
o f  Lemma 3 th a t  are  components o f  a p a r a l l e l  v e c to r  f i e l d  on M when
are components o f  a p a r a l l e l  v e c to r  f i e l d  on (T (M ),g ) .  C onsequently ,  
from th e  R ic c i  i d e n t i t y
^;jk “ A;kj " \ k j  A ’
we o b ta in
< k j  = O'
when X  are components o f  a p a r a l l e l  v e c to r  f i e l d  on (T (M ),g ) .
Let denote  components o f  th e  p r o j e c t io n  a ( X )  o f  X on ^  ,
where X  i s  an a r b itr a r y  v e c to r  f i e l d  on ( T T  ^(U),z®'). Then from (15)
we o b ta in
(23) -  Ljk
The fo l lo w in g  theorem i s  a consequence o f  Lemma 3 and p r o p e r t ie s  o f  
the  p r o j e c t io n  t e n s o r s .
Theorem 7. A v e c to r  f i e l d  \  on (T(M),g) i s  a p a r a l l e l  v e c to r  f i e l d  
i f  and o n l y  i f  both a (  X )  and a ( X )  are p a r a l l e l  v e c to r  f i e l d s .
P r o o f : Let a( X) and a ( X )  be p a r a l l e l  v e c to r  f i e l d s .  Then, from
(24) a( X)  + â ( Â )  = X,
and th e  l i n e a r i t y  o f  c o v a r ia n t  d i f f e r e n t i a t i o n ,  i t  f o l l o w s  th a t  A i s  a 
p a r a l l e l  v e c to r  f i e l d .
Let A be a p a r a l l e l  v e c to r  f i e l d .  Then i t  f o l l o w s  from (24) th a t  
e i t h e r  a ( X )  and a ( A )  are both p a r a l l e l  v e c to r  f i e l d s ,  or n e i th e r
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of  them i s  p a r a l l e l .  We s h a l l  show th a t  a ( A )  with components g iven  
by (23) i s  a p a r a l l e l  v e c to r  f i e l d .  S in ce  and ^  i s  assumed
to be a p a r a l l e l  v e c t o r  f i e l d ,  c o n d i t io n s  ( i )  o f  Lemma 3 are c le a r ly  
s a t i s f i e d .  By u se  o f  c o n d i t io n s  ( i )  and = 0 one a l s o  f in d sJtci
c o n d i t io n s  ( i i )  are  s a t i s f i e d .  Q.E.D.
L et X  be a v e c t o r  f i e l d  on M w ith  components r e l a t i v e  to
/  ^ z ^ } .  Then X!* = (0 ,  X ^ )  can be shown t o  be components o f  a 
v e r t i c a l  v e c to r  f i e l d  on (T(M),g) r e l a t i v e  to  Consequently ,
Lemma 3 y i e l d s  th e  f o l lo w in g :
Theorem 8. A v e r t i c a l  v e c to r  f i e l d  X  on (T(M),g) with components 
X** = ( 0 , X ^ )  r e l a t i v e  to  ^ 3 /  ^ z®^  ^ i s  i p a r a l l e l  v e c to r  f i e l d  i f  
and o n ly  i f  are  components o f  a p a r a l l e l  v e c to r  f i e l d  on M r e l a ­
t i v e  t o  ^3 /  3  z ^ l .
I t  f o l lo w s  from th e  d e f i n i t i o n s  o f  X and X th a t  t h e s e  v e c to r  
f i e l d s  are i d e n t i c a l  i f  and on ly  i f  A i s  a p a r a l l e l  v e c to r  f i e l d  on 
M. M oreover, i t  can e a s i l y  be shown by Lemma 3 th a t  A i s  a p a r a l l e l  
v e c to r  f i e l d  on (T(M ),g) i f  and qnly  i f  A i s  a p a r a l l e l  v e c to r  f i e l d  
on M. C on seq u en tly ,  th e  fo l lo w in g  r e la t io n s h ip  e x i s t s  fo r  th e  v e c to r  
f i e l d s  A , A on (T(M ),g) and A on M.
Theorem 9 . I f  any one o f  th e  v e c t o r  f i e l d s  X or A  i s  a p a r a l l e l
v e c to r  f i e l d  on th e  m a n ifo ld  fo r  which i t  i s  d e f in e d ,  then  a l l  th ree  
v e c to r  f i e l d s  are p a r a l l e l .
I f  A i s  a n o n - t r i v i a l  v e c to r  f i e l d  on M then 'X and X are  
n o n - t r i v i a l  v e c to r  f i e l d s  on T(M). Theorem 9 then shows th a t
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(T(M),g) admits a n o n - t r i v i a l  p a r a l l e l  v e c to r  f i e l d  i f  and on ly  i f  a 
n o n - t r i v i a l  p a r a l l e l  v e c t o r  f i e l d  e x i s t s  on M. We s h a l l  o b ta in  a more 
p r e c i s e  form ulation  o f  t h i s  r e la t io n s h ip ,  but f i r s t  we need the fo l lo w in g  
lemma.
Lemma 4 . The number o f  l i n e a r l y  independent, p a r a l l e l ,  h o r iz o n ta l  
v e c to r  f i e l d s  on (T(M ),g) i s  equal to  the  number o f  l i n e a r l y  in d e ­
pendent, p a r a l l e l ,  v e r t i c a l  v e c to r  f i e l d s  on (T (M ),g ) .  Hence, the
s t r i c t l y  p a r a l l e l  d i s t r i b u t i o n  o f  maximum dim ension on (T(M),g) has
d im e n s io n a l i ty  which i s  a m u lt ip le  o f  2.
P r o o f ; Every p a r a l l e l ,  h o r i z o n t a l  v e c to r  f i e l d  ( 3  z^) z"^^)
corresponds to  a p a r a l l e l ,  v e r t i c a l  v e c to r  f i e l d  ( 0 ,  X ^)j and con­
v e r s e l y ,  every p a r a l l e l ,  v e r t i c a l  v e c to r  f i e l d  ( 0 ,  X^) g iv e s  r i s e
to  th e  p a r a l l e l ,  h o r i z o n t a l  v e c to r  f i e l d  ( X^,(3X^/ ^ z^ )  z"^^). More­
over , l i n e a r l y  independent h o r iz o n ta l  (or v e r t i c a l )  v e c t o r s  g iv e  r i s e  
to  l i n e a r l y  independent v e r t i c a l  (or h o r iz o n ta l )  v e c t o r s  under t h i s  
correspond en ce . Q.E.D.
Theorem 10. The number o f  l i n e a r l y  independent, p a r a l l e l  v e c to r  f i e l d s
on (T(M ),g) i s  e x a c t ly  tw ic e  the  number o f  l i n e a r l y  independent,  
p a r a l l e l  v e c to r  f i e l d s  on M.
P r o o f: Let r be th e  d im ension o f  the  s t r i c t l y  p a r a l l e l  d i s t r i b u t io n
of  maximum dim ension on M. A b a s i s  o f  t h i s  d i s t r i b u t i o n  l i f t s  to  
r p a r a l l e l ,  h o r i z o n t a l  v e c to r  f i e l d s  on (T (M ),g ) .  H ence, by Lemma 4 
the number o f  l i n e a r l y  i n d e p e n d e n t ,p a r a l l e l  v e c to r  f i e l d s  on 
(T(M),g) i s  a t  l e a s t  equal to  2r .  Moreover, t h i s  number i s  at most
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equal to  2r s in c e  l in e a r ly  independent h o r iz o n ta l  v e c t o r s  p r o je c t  
by T t^  to  l i n e a r l y  independent v e c t o r s  on M, and TT^ p r e s e r v e s  
p a r a l l e l i s m .  Q.E.D.
I t  has been shown that e v e ry  r ecu rren t  m anifold  w ith  a d e f i n i t e  
m e tr ic  whose recu rrence  c o v e c to r  i s  everywhere n o n -zero ,  admits e x a c t ly  
n -2  l i n e a r l y  independent, p a r a l l e l  v e c to r  f i e l d s  [lo]* Hence, we 
o b ta in  a c o r o l la r y  to  the above theorem.
C oro llary  _2. I f  M i s  a r ecu rren t  m an ifo ld  whose recu rr e n c e  co v e c to r  
i s  everywhere n o n -z e ro ,  then (T(M ),g) admits e x a c t ly  2n-4 l i n e a r l y  
independent, p a r a l l e l  vec tor  f i e l d s .
A v e c t o r  f i e l d  X  i s  c a l l e d  p a r a l l e l  r e l a t i v e  t o  t h e  d i s t r i b u t i o n  
^  ( o r * ! / )  i f  f o r  a n y  p o i n t s  p , q  o n  a n  i n t e g r a l  c u r v e  o f  a n  e l e m e n t  
o f  "Xj ( o r  " i f )  ,  t h e  v e c t o r s  X ( p )  ,  X ( q )  a r e  p a r a l l e l  r e l a t i v e  t o  t h i s  
c u r v e  | l 2 ,  p . 2 5 5 j .
In terms o f  the  p r o j e c t io n  t e n so r s  a s s o c ia te d  w ith  "0^  and **1/ , 
a v e c to r  f i e l d  X  o f  (T(M),g) w ith  components X *  i s  p a r a l l e l  
r e l a t i v e  to  %  i f  dz^ = 0 for  a l l  dz"^  s a t i s f y i n g  a^ dz^ = 0 .
Thus, the  c o n d i t io n  fo r  X  t o  be  p a r a l l e l  r e l a t i v e  t o  i s  g iv e n  by
S im i la r ly ,  the  c o n d i t io n  fo r  A to be p a r a l l e l  r e l a t i v e  
to  ‘' l /  i s  g iv en  by a^ = 0 .  These c o n d it io n s  are each weaker than
th e  c o n d i t io n  fo r  p a r a l le l i s m  o f  a v e c to r  f i e l d ,  Xr = 0 ,  which i s
e q u iv a le n t  to  both o f  the c o n d i t io n s  above.
Theorem 11. The h o r iz o n ta l  l i f t  A o f  a v e c to r  f i e l d  A on M i s  
p a r a l l e l  r e l a t i v e  to  the v e r t i c a l  d i s t r i b u t i o n  on (T (M ),g ) .
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P r o o f : The components 7C^ are  g iv en  by
(25)
Im 
■ »•
Thus, i s  seen  to  v a n is h  by u se  o f  (25) and ( 1 6 ) .  Q.E.D.
Let be components o f  a c o n tra v a r ia n t  v e c t o r  f i e l d  A on
(U,z^) o f  M, and d en ote  = g^j . A  i s  c a l l e d  an 
in c o m p r e ss ib le  v e c t o r  f i e l d  i f
(26) X i  = Ô;
> ^
A  i s  c a l l e d  a K i l l i n g  v e c to r  f i e l d  i f
(27)
and X i s  c a l l e d  a harmonic v e c to r  f i e l d  i f
(28)  A j . .  - A. . = 0 ,  and A^, =  0 . ^) j J»-*-
By u se  o f  th e  d e f i n i t i o n  o f  X and ( 8 ) ,  X  and A may
be e x p r e sse d  as
7 i  _ \ i  T i
A .j  A . j , A . j ^ j  »
X ° : i j  -  A t j
and
j  “  ^ ^  A ^ .  ^  ’ A i - n + j  A i - j .
A n + i; j  A^. j ' O'
C on sequ en tly ,  the  d iv e r g e n c e  o f  A i s  g iv en  by
> 1 =  C i - '
These eq u a t io n s  to g e th e r  w ith  the  d e f i n i t i o n s  ( 2 6 ) ,  ( 2 7 ) ,  and ( 2 8 ) ,
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and the correspond ing  d e f i n i t i o n s  for  th e se  v e c to r  f i e l d s  on (TT ^(u) » z‘^ ) 
o f  (T(M),g) y i e l d  th e  f o l lo w in g  theorem.
Theorem 1 2 . The extended v e c t o r  f i e l d  \  o f  the  c o n tr a v a r ia n t  v e c to r  
f i e l d  X on M i s  r e s p e c t i v e l y  an in com p r e ss ib le  (or K i l l i n g  or harmonic) 
v e c to r  f i e l d  on (T(M ),g) i f  and on ly  i f  th e  v e c to r  f i e l d  A i s  
r e s p e c t iv e l y  an in c o m p r e s s ib le  (or K i l l i n g  o r  harmonic) v e c to r  f i e l d  on M.
From (25) i t  i s  c l e a r  t h a t  = A^^, and co n se q u e n t ly  th a t  X
i s  an in c o m p r e ss ib le  v e c t o r  f i e l d  i f  and o n ly  i f  X i s  an in com p ress ib le  
v e c to r  f i e l d .  M oreover, from (5 )  and (25) we o b ta in
^ n f i r j  " 
j : n f i  n f i : n + j
+  «11 ( -  ^
These e q u a t io n s  prove th e  f o l lo w in g  theorem.
Theorem T J,. I f  A i s  e i t h e r  a harmonic or a K i l l i n g  v e c to r  f i e l d  on 
(T(M),g) then i t  i s  th e  h o r i z o n t a l  l i f t  o f  a p a r a l l e l  v e c to r  f i e l d  on M.
4 .  I s o m e t r i e s . L et  f:M—%M', where M and are n-d im ensional
Riemann m a n ifo ld s  w ith  p o s i t i v e  d e f i n i t e  m e tr ic  t e n s o r s  g. and g ' , 
r e s p e c t i v e l y .  Denote by (p, A )  a tangent v e c to r  A at pfeM, and 
by f^ the  d i f f e r e n t i a l  o f  f . The map f  induces  a map
f : ( T ( M ) , g ) - >  ( T ( M ' ) .g ' ) ,
d e f in e d  by
f ( ( p ,  A ) )  = ( f ( p ) , f * ( A ) ) .
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We c a l l  f  the  extended map o f  _f.
Let (U ,z^) and ( u ' , z ' ^ )  be coord in ate  neighborhoods o f  M and 
r e s p e c t i v e l y ,  such th a t  f(U ) A u' f  0 .  Then 
I: ( f t  ^ (U ) ,z ^ )—>i./T ^(U^),z^®') i s  d e f in ed  by
(29) z '^  = f ' ^ ( z ^ , z ^ ,  . . .  , z " ) ,  z^"^^ = ( ^ z ^ ^ /  à z ^ )z" ^ ^ ,
whose Jacob ian  i s
" [ ■ à z ' V ^ z j ]  [ ( ' h ^ z ' ^ l ' h z ^ ' h z ^ ) z ^ ^ ]
[ 0 ]  [ "hz' 3z^  ]
w ith  in v e r s e
(31) [ 3  z* /^ 3z''^ ] =
l o i  l % z i / 3 z ' j l
I t  i s  c l e a r  from (30) th a t  the  Jacobian o f  f  has rank 2n i f  and only  
i f  the  Jacob ian  o f  f  has rank n.
Theorem 14. The map f : M— i s  an isom etry  i f  and o n ly  i f  i t s
extended map f  i s  an isom etry  o f  the Extended Riemann M anifo lds  o f  M 
and .
P r o o f ; Let f  be an iso m etry .  Then the  m etr ic  t e n s o r s  o f  T(M) and 
T(M') s a t i s f y
= (% zt/%  z'*)( 3 z 4 / 3 z ^ )  ,
which are e q u iv a le n t  to  the  fo l lo w in g  by (31)
s' .  . .  Z h  (à “ H z '  3)  E ) / ) z ' k ,
i j  hm
(32) ndj = j  = (> zh /3 z ' i )& 2 ;" V 3 z 'j )  8% '^
®n+i n fj
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By (5) and (32) we f in d
(33) g^j = (< )z^ /< )z '^ )( l& z™ /l& z'j)g^ ^ ^
Hence, f  i s  an iso m e tr y .  Conversely', i f  f  i s  an i so m e tr y  then  (33)
h o ld s ,  and (32) f o l lo w s  by ( 5 ) .  Thus, f  i s  an i s o m e tr y .  Q.E.D.
Let A be a d i f f e r e n t i a b l e  m an ifo ld , P the  p r o j e c t io n  o f
* -j
T (A) on to  A, and (U ,y  ) a c o o rd in a te  neighborhood o f  A. Let
(P,6)) be a co v a r ia n t  v e c t o r  a t  pgU w ith  components Oi. = 65(3/ 3 y  ) .
-1  *
Then P (U) i s  a c o o r d in a te  neighborhood o f  T (A) w ith  c o o r d in a te
f u n c t io n s  (ÿ^ ,6). ) d e f in e d  by
- i  i  _ y = y op,
Wj^((p,w)) =
As has been our co n v en tion -th rou gh ou t fo r  th e  tan gen t  bundle ,
u^ = y^ w i l l  denote  e i t h e r  y^ or ÿ^, depending on t h e  domain, and
u^ _j_^  w i l l  d en o te  .
Let A be g iven  a symmetric c o n n e c t io n  w ith  c o e f f i c i e n t s
1 *L^, on (lJ,u ) .  Then (T (A),G) i s  c a l l e d  the  Riemann e x te n s io n  o f  
jk
A J llj  , where G i s  d e f in e d  by
^ i j  ■ 4 j  "n+k'
(34) «1 n-fj " i  -
V i  n-tj °
r e l a t i v e  t o  ^ 3 /  ^'*n+i] ’ N a t u r a l ly ,  the  c o n n e c t io n  may be induced
by a m etr ic  g iv e n  in  A.
Let be. components o f  a tangent v e c to r  a t  peM r e l a t i v e  to
{ 3 / 3  . Then the  c o v a r ia n t  v e c to r  ft> w ith  components = g  ^^
Ls c a l l e d  the  a s s o c i a t e  v e c to r  to  A  = ( A^)- Let the map
be d e f in e d  by
i6
f : ( T ( M ) , i ) — > ( ‘r * ( M ) , G ) ,
Theorem 15. f  i s  an iso m etry .
P roof:  Let ( /T " ^ (U ),z^ )  and (P” ^(U );u ^ ,u  . . )  be c o o r d in a te  neighbor-
n r r l
"k
hoods o f  T(M) and T (M), r e s p e c t i v e l y .  Then f  may be rep resen ted
by th e  fu n c t io n s
i  i  , 1 2  n. n+ku = z , , z  , , z  ) z
whose in v e r s e  i s
i  i  n+ i i k ,  1 2 n.z = u , z = g (u ,u  , . . .  ,u  )
w ith  Jacobian
[à z“*/ 3 u j ]
[a ]
(35)
By d e f i n i t i o n ,  f  i s  an isom etry  i f  and on ly  i f
= ( ^  z^ /  3  u S ( ^  z^ /  3  u^) ,
° i  Iri-j 
V l  iH-j
where are g iv en  by ( 3 4 ) .  By u se  o f  (35) and (5 )  t o g e th e r  w ith  the
fo l lo w in g  w e l l  known i d e n t i t i e s  |^2, p . l ? j
3 g , . / a : k  .  g i,.n *
IJ ’im “ jk  ® jm ^ ik  ’
we conclude th a t  f  i s  an iso m etry . Q.E.D.
SECTION I I I
PARALLEL DISPLACEMENT
1. M odified  My H e r  c o n f ig u r a t io n s . In an n -d im en sion a l  Riemann
m anifo ld  M w ith  p o s i t i v e  d e f i n i t e  m etric  t e n s o r ,  Miron d e f in e d  a 
M yller  c o n f ig u r a t io n  M (C ,A jT^) t o  be a t r i p l e  c o n s i s t in g  o f  a curve  
C w ith  u n i t  tangent vec tor  U and arc len g th  s ,  an r -d im en s io n a l
d i s t r i b u t i o n  T^  on C, and a u n i t  v e c to r  f i e l d  AfeT^. A i s  d e ­
f in e d  to  be p a r a l l e l  r e l a t i v e  t o  M(C,A ,T^) i f  i t s  co v a r ia n t  
d e r iv a t i v e  a long  C belongs to  t h e  orthogonal complement o f  T^,
and A  i s  u n i l a t e r a l l y  con ju ga te  to  T/ i f  D / l /d s  6 T  ^ [^’ ^] *
We s h a l l  in v e s t i g a t e  the  c o n f ig u r a t io n  A(C,T^,T" where A 
i s  a C** n -m an ifo ld  w ith  a symmetric c o n n e c t io n ,  where C i s  a curve  
in  A, and where T  ^ and T^"^ are d i s j o i n t  d i s t r i b u t io n s  on 
C o f  d im ensions r and n - r ,  r e s p e c t i v e l y .  We c a l l  A(C,T^,t’^
a m od if ied  M yller  c o n f ig u r a t io n .  P r o je c t io n  te n so r s  a s s o c i a t e d  w ith  
and t’^   ^ w i l l  be employed to  d e f in e  r e l a t i v e  p a r a l l e l i s m  and 
r e l a t i v e  conjugacy for a v e c to r  f i e l d  AfeT^, g e n e r a l i z in g  th o se  con­
c e p ts  in troduced  by Miron.
Except fo r  t h e ir  d i f f e r e n c e  in  domains, T  ^ and T  ^  ^ as d i s j o i n t  
v e c to r  sp aces  are s im i la r  t o  ^  and in v e s t ig a t e d  in  S e c t io n  I I .
Thus, i t  i s  obvious that and t'^   ^ on C u n iq u e ly  determ ine th e
a s s o c i a t e d  p r o j e c t io n  t e n s o r s .
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Let a = (Sj)  and â = (â j )  d en o te  th e  p r o j e c t io n  te n so r s  on C 
a s s o c ia t e d  w ith  and r e s p e c t i v e l y .  Let t  be th e  curve
parameter and A.^ 3 /3 % ^  any v e c to r  f i e l d  on C. Then we may w r i t e
or A  = a (A) + a(A), 
where a(/4) = (a^ A ^ ) and a(A) = (a ^ A ^ )€ T " ~ ^ .  From th e  d e f i n i t i o n s
o f  a and à one e a s i l y  e s t a b l i s h e s
Da^/dt = - D â j /d t ,
(1) (D aJ /d t)â^  =K J - 4
D i^ /d t
= 4  ”^5
( D iJ /d t)  a^ = < Da^/dt ■  K  4
Theorem 1 . .  Let b and b be ( 1 ,1 )  t e n so r  f i e l d s  on a curve C in
A, which s a t i s f y  th e  fo l lo w in g  c o n d i t io n s
2
(2) rank (b) = r ,  rank (b) = n - r ,  b+b = I ,  b = b .
Then th e re  e x i s t s  a unique c o n f ig u r a t io n  A(C,T^,T^ “) fo r  which b i s
r
th e  p r o j e c t io n  ten so r  a s s o c ia t e d  w i th  T , and b i s  th e  p r o j e c t io n
n -r
ten so r  a s s o c ia t e d  w ith  T
Proof : Consider b and b as l in e a r  tran sform ations  o f  the tangent
space T(A) to  A a t  each p o in t  o f  C. D ef in e
T^  = b(T(A)) and t"^   ^ = b (T (A )) .
I t  fo l lo w s  from (2) th a t  T  ^ and T  ^  ^ a re  d i s j o i n t  d i s t r i b u t i o n s  on
C o f  d im ensions r and n - r ,  r e s p e c t i v e l y .  Moreover, from th e  th eory
o f  l in e a r  spaces  i t  f o l lo w s  th a t  th e  l a s t  two exp r e ss io n s  in  (2 )  are
n e c e ssa r y  and s u f f i c i e n t  c o n d i t io n s  fo r  b to  be the unique p r o j e c t io n  
r n -r
onto T a lon g  T , and for  b . t o  be th e  unique p r o j e c t io n  onto
T  ^ a lon g  t '^  . Q.E.D.
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D e f in i t io n  A v e c to r  f i e l d  A  €r i s  d e f in e d  as p a r a l l e l  
r e l a t i v e  to A(C,T^,T^ i f  a ( D A / d t )  = 0 .  I t  w i l l  be c a l l e d  b r i e f l y  
as a r e l a t i v e  p a r a l l e l  v e c t o r  f i e l d .
D e f in i t io n  2. A v e c to r  f i e l d  A € T i s  con ju ga te  t o  C r e l a t i v e  
to A(C,T ,T ) i f  a(D A /d t )  = 0 .  I t  w i l l  be c a l l e d  b r i e f l y  as a 
r e l a t i v e  conjugate  v e c to r  f i e l d .
One may obtain a set of definitions "dual" to the above by replacing
by T by T^, a by a ,  and â by a wherever th e y  oc c u r .
r r
Let k  = 1 ,2 ,  . . . , r  be b a se  f i e l d s  on T , and >1 fe T .
Then we have
(3) ^  " i J i  b ‘^ ^j^>D>Vdt = S^CCdh'^/dt) +  b" D A ^ /d t )J5, k .  . *  . , . . k ............................k
From (3) i t  i s  c le a r  t h a t  a(D>t/dt) = 0  i f  i (D A j^ /d t )  = 0 fo r  a l l  k .  
C on verse ly ,  T i s  spanned by r e l a t i v e  con ju ga te  v e c to r  f i e l d s  i f  
a(D X /dt) = 0 fo r  a l l  M fe .
I t  is  c le a r  from D e f i n i t i o n s  1 and 2 th a t  A 6 i s  both r e l a t i v e  
p a r a l l e l  and r e l a t i v e  co n ju g a te  i f  and on ly  i f  o X / d t  = 0 .
I f  XéT^ then  i t s  components X  ^ s a t i s f y  a^ A = X^.
Hence, we o b ta in
(DaVdt)  A^ + D x ’^ /dt = D X^/dt,k K
and i t  fo l lo w s  from a^ = a th a t  a^(Da^/dt) A^ = 0 .  But t h i s  i s  not
m k
. r
a s u f f i c i e n t  c o n d i t io n  f o r  A to  be an element of T . The s i g n i f i c a n c e
of. th e  n e c e ssa r y  c o n d i t io n  i s  g iv e n  in  the  f o l lo w in g  theorem which can
be e a s i l y  proved. =
Theorem 1_. Let X = A^ "3/ 3  be any v e c to r  f i e l d  on C o f  
A(C,T^,T ) .  Then a ( A )  i s  r e l a t i v e  co n ju ga te  i f  and on ly  i f
30
i  m  k  '
ajj^(Daj^/dt) X = 0 ;
a n d  â (  X )  i s  r e l a t i v e  p a r a l l e l  i f  a n d  o n l y  i f
lj^(Dâ“ / d t )  X*" = - â j  D X ^ /d t .
From Thedrem 2 and i t s  "dual", we o b ta in  the  r e s u l t  th a t  a ( X )  
and a (  X) are  both r e l a t i v e  c o n ju g a te  i f  and o n ly  i f  ( Da^/dt) X^ = 0,
and th ey  are  both r e l a t i v e  p a r a l l e l  i f  and on ly  i f
D X^/dt = (D a i /d t  -  2 a^ Da“ / d t )  X^.
L et M, = 3 / ^ x ^  be any v e c to r  f i e l d  on C. Then n e c e ssa r y
r
and s u f f i c i e n t  c o n d i t io n s  f o r  T to  be spanned by r e l a t i v e  conjugate  
v e c to r  f i e l d s  may be w r i t t e n  as
D (a ^ A ^ ) /d t  = i ^ ( O a ^ / d t ) A  = 0j K J K
X 4
which hold  fo r  any A .  C onsequently  we have a^ Daj^/dt = 0, which by 
u s e  o f  (1) y i e l d s
r
Theorem Elements o f  T are  r e l a t i v e  co n ju ga te  as  i t s  base f i e l d s .
N ecessa ry  and s u f f i c i e n t  c o n d i t io n s  fo r  T  ^ to  c o n s i s t  e n t i r e l y  o f
r e l a t i v e  con ju ga te  f i e l d s  a r e  Da^/dt = 0 .
K J
Let T be spanned by r e l a t i v e  p a r a l l e l  v e c to r  f i e l d s  
X u j  k = 1 ,2 ,  . . .  , r .  Then from (3) we o b ta in
a (D M /d t )  = S ^ ( d b ^ /d t )  X%, 
w hich im p l ie s  th a t  any v e c to r  f i e l d  A f e T ^  i s  r e l a t i v e  p a r a l l e l  i f  and 
o n ly  i f  i t  i s  a c o n sta n t  w ith  r e s p è c t  to  a r e l a t i v e  p a r a l l e l  b a se .
From a + â = I and (1 )  we o b ta in
a^ Da^/dt + Da^/dt = Da^/dt = -D a^ /d t .  
k J k J j j
I t  i s  then e a sy  to  show t h a t  T  ^ and T^"^ are  both spanned by r e l a t i v e
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co n ju ga te  v e c to r  f i e l d s  i f  and o n ly  i f  Da^/dt or Dâ^/dt i s  a zero  
te n so r  f i e l d .
L et 'ti 6 denote  th e  ta n g e n t  t o  C o f  the c o n f ig u r a t io n  
A(C,T^,t”"^) . We c a l l  C a r e l a t i v e  a u to - p a r a l l e l  curve i f  Ti i s  a 
r e l a t i v e  p a r a l l e l  v e c to r  f i e l d .
By I I . 15 and Theorem 2 we have
(4) = -L^ / f ê  and z^ = 0,
jk jk
i f  i s  r e l a t i v e  p a r a l l e l .
Consider th e  c o n f ig u r a t io n  T(M) (0 ,54 >*l/) where and *\f  are  
the  h o r i z o n t a l  and v e r t i c a l  d i s t r i b u t i o n s  o f  T(M). I f  C i s  a 
h o r iz o n t a l  curve then z^ does not v a n is h  fo r  a l l  i  a t  any p o in t .  
C on sequ en tly , i T (C) i s  a curve in  M. I t  then fo l lo w s  from (4 )  that  
C i s  th e  h o r iz o n ta l  l i f t  o f  a  g e o d e s ic  in  M i f  i t  i s  a r e l a t i v e  
a u t o - p a r a l l e l  cu rve . C o n v er se ly ,  (4) e s t a b l i s h e s  the  f a c t  t h a t  the  
h o r iz o n t a l  l i f t  o f  a g e o d e s ic  C in  M i s  a r e l a t i v e  a u t o - p a r a l l e l  
cu rve . Hence, we have
Theorem 4 .  Let • Then C i s  a r e l a t i v e  a u t o - p a r a l l e l  curve i f
and on ly  i f  i t  i s  the  h o r i z o n t a l  l i f t  o f  a g e o d e s ic  in  M.
In  ca se  th a t  't, 6 ^  then  C i s  a r e l a t i v e  a u t o - p a r a l l e l  curve i f
and o n ly  i f  i t  i s  a minimal g e o d e s ic  in  (T (M ),g) . This can be e a s i l y
proved by Theorem 2 .
2 .  H ypersurface  in  co tan gen t  b u n d le . Let G be a symmetric
2 -c o  t e n so r  on (P“^(U);u^,u  ) d e f in e d  by
n + i
_ hk 1 m
Gij = : i j  +  s
= .+ 1  n+J '  •
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S in ce  fo r  any tangent v e c to r  /C* = ( X ) on (T (M),G)
11X11 -  g . . x ‘ x i  +  -  4  x \ + k ) ( X " + ^  -  I . . „ x ” v i ) .
i t  i s  c l e a r  th a t  G i s  p o s i t i v e  d e f i n i t e .
The c o n tr a v a r ia n t  components o f  G are  g iv e n ,b y
G^  ^ = G , = -G , g'^^  ^ -  G. , ,  and t h e  c o e f f i c i e n t s
 ^ n+i n+j j n+i
o f  th e  c o n n e c t io n  I induced by G are found t o  be
(-in+i hm pr w v u v  u ^
I jk  -  ® " h i ^ k V j  ■*■ V  “n-H, “
( , )  + .k -  h k .  J +  h k h ]  +
i-in+i . hm jP_u v j
1 = %g g L R u u - L., ,
n+j k ih  pkm n+u n+v ik
p i  , im j P  V
' „ + j  k " ^8 S h k m  “n+v’
r ”' - 0 .
n+j n+k
Denote by " l/*  the  v e r t i c a l  d i s t r i b u t i o n  on (T (M),G) spanned
by th e  v e c to r  f i e l d s  w ith  components (0 ,  6 ^ ) ,  k = l , 2 ,  . . .  ,n  and by
i k
^  th e  h o r iz o n ta l  d i s t r i b u t i o n  spanned by the  f i e l d s  w ith  components
( ^k^^ik "n+m^' ^ ^ 1 , 2 ,  . . .  ,n  r e l a t i v e  to  ^ 3 / 3 u ^ ,  3 /  "3 .
Let X be a v e c to r  f i e l d  on M. I t s  h o r iz o n ta l  l i f t  A has components
X”  u^+k)
r e l a t i v e  t o  ^ 3 /  3 u^, 3 / 3 u
In (T*(M),G) we d e f in e  a h y p e r su r fa c e  S w ith  i t s  u n i t  normal 
Ne"l/ a t  ev ery  p o i n t .  Then S may be r e p r ese n te d  by
i  r i ,  1 2 2 n - l ,  . n + i ,  1 2 2 n - l ,
u = f  ( y  , y  , . . .  , y  ) ,  = f  ( y  , y  , . . .  , y  ) ,
a n d
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a -1
where y are c o o r d in a te  fu n c t io n s  on SA P (U) .  The v e c to r  f i e l d
X  = 7^ 3 / 3 y ^  on S has i n  (T*(M)jG) the  f o l lo w in g  components
and = u .> ^  n+L, a
Let C, w i th  tan gen t  X  , be a curve in  (T*(M),G) th a t  i s
param etr ized  by arç  len g th  CT . We denote  by vA, and f i ,  th e  f o l lo w in g
1 1
e x p r e s s io n s
a • k , j
V k ’
S .  = - L. . ■
i l  i j  k
. . .  -  *
From (6) C i s  a g e o d e s ic  in  (T (M),G) i f  and o n ly  i f
D t^/dO " = u^-+ u^ + g^ "^  g^^ R . u ù^vR. = 0 ,
jk  pjm n+h r
(7)
— —  nd" 1 y v
DTi / d r  = B . = 0 .
I f  C i s  a  g e o d e s ic  in  S, then  
D=ë'*/d<r = Gç£ N^(D ^ V d c r )  n"', 
which a r e  e q u iv a le n t  to
(8)
8 ,  = gj"> H “-ta Bj .
By (5) and th e  d e f i n i t i o n  o f  a h o r iz o n ta l  v e c to r  one may show th at  
arc len g th  o f  h o r i z o n t a l  curves in  (T*(M),G) i s  in v a r ia n t  under p ro­
j e c t i o n s  P.
Theorem 5 .  Let *C be a l i f t  in  (T (M),G) o f  a curve C in  M.
Then the  fo l lo w in g  s ta tem en ts  are e q u iv a le n t :
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( i )  'c* i s  a g é o d é s ie  i n  S.
( i i )  i s  a g e o d e s ic  in  (T*(M),G).
( i i i )  C i s  a g e o d e s ic  in  M.
Proof : 'c i s  h o r i z o n t a l  i f  and on ly  i f  = 0 .  Then (7 )  and ( Q
for  "c* are  e q u iv a le n t  t o
5û^/d<r = u^ + = 0 ,
jk
which proves th e  theorem . Q.E.D.
Temporarily den ote  th e  c o o r d in a te  fu n c t io n s  on a neighborhood o f  
(T*(M),G) by x*^  = (u^.u^^^). Then th e  components o f  th e  second funda­
m ental form on S r e l a t i v e  to  are g iven  by 2 ,  p . l 4 8 |
Going back t o  our u su a l  n o t a t i o n  for  th e  coord in a te  f u n c t io n s  we o b ta in  
by u s e  o f  (5 )  and (6)
Q . b  -  -  C  b -  4  u„*b u \ ):ab -  -S ^",a ■ ‘•ih " " . a ‘ ‘"n+J.b '  ‘•jk "n+h " , b ‘
+ < j b  "n+s \ a  "fb^
n + i  k n+k h r s
Denote 0 .^  = N ^ - L^h N and 0^^ = u^^^ %,&'
S in c e  Q  i s  a symmetric te n so r  on S and R i s  skew-symmetric in  j
and h , th e  e x p r e s s io n  fo r  Ç l may be w r i t t e n  as
ab
^ a b  ■ "jb +  « lb  ®ja>-
Let C be a curve in  S param etrized by arc  l e n g th ,  and
X  = 3 /  a u n i t  v e c to r  f i e l d  on S. T. K. Pan d e f in e d  the  normal
curvatu re  v e c to r  o f  X  w ith  r e s p e c t  t o  C to  be the  normal component 
o f D X/d(T 7^ j . I f  the  normal curVature v e c to r  o f  X  i s  denoted by 
J(N, then _K i s  g iv e n  by
f  -  ^ O b  A '
where e = t l .  Pan c a l l e d  C an asym ptotic  l i n e  o f  X i f
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= 0 on C; an i n d i c a t r ix  o f  X  i f  X  i s  p a r a l l e l  on C; and, 
a c u r v e  o f  X i f  X i s  tangent t o  C.
Theorem A l l  h o r iz o n ta l  curves in  S are asym ptotic  l in e s  of
h o r iz o n ta l  v e c to r  f i e l d s  on S .
P r o o f : I f  C i s  a h o r iz o n ta l  curve and X  i s  a h o r iz o n ta l  v e c to r  
f i e l d  we have = Ou^y^ = 0. Hence = 0 . Q.E.D.
C oro llary  2 -  A h o r iz o n ta l  curve i n  S i s  an i n d i c a t r ix  of a h o r iz o n ta l
v e c to r  f i e l d  i f  and o n ly  i f  i t  i s  so  in  (T*(M),G).
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